LOCAL REGULARITY FOR PARABOLIC NONLOCAL OPERATORS 
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Abstract. Weak solutions to parabolic integro-differential operators of order a £ (ao, 2) are 
studied. Local a priori estimates of Holder norms and a weak Harnack inequality are proved. 
These results are robust with respect to a / 2. In this sense, the presentation is an extension 
of Moser's result from [20]. 



(N 

q 1. Introduction 

(N 

q Throughout this article Q denotes a bounded domain in M rf , d > 3, and / an open, bounded 

interval in M.. The aim of this article is to study properties of solutions u : I x W 1 — > M to 

Q 

>q d t u(t,x) — Lu(t,x) = f(t,x), (t,x)£lxQ, (1.1) 

where L is an integro-differential operator of the form 

57 r 

<f Lu = p.v. [u(t,y) -u(t,x)]k t (x,y)dy. (1.2) 

^h .had 



a 



The kernel k: R x R x R — )■ [0, oo), (t,x,y) *-> kt(x,y), is assumed to be measurable with a 
certain singularity at the diagonal x = y. 

Note that in the case kt(x,y) = - — d '~ d " a with a constant Ad -a comparable to q(2 — a), 

\ x ~ y\ 
the integro-differential operator L defined by (1.2) is equal to the pseudo-differential operator 

iq (— A) Q ' 2 with symbol |^| a . Thus the operator in equation (1.1) can be seen as an integra- 

ls) differential operator of order a with bounded measurable coefficients. 

Let us specify the class of admissible kernels. We assume that the kernels k are of the form 
-y-! kt(x,y) = a(t,x,y)ko(x,y) for measurable functions k$: IR^xIR^— > [0,oo)anda: IRxM^xR^— > 

<^i [0, 1], which are symmetric with respect to x and y. 

Fix «o G (0,2) and A > max(l,aQ )■ We say that a kernel k belongs to K.(ao,A), if there is 
a G (ci!o,2) such that k^ satisfies the following properties: for every xo G M d , p G (0,2) and 
-h „ G H<*/ 2 (B p (x )) 

P~ 2 \x -y\ 2 k {x ,y)dy+ k {x ,y)dy < Ap~ a , (Ki) 

■/ |aso — v]<p J\xo-y\>p 
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A" 1 J! [v(x) - v(y)] 2 k (x, y) dx dy < (2 - a) jj ^'^f} dx dy 

2 ^ X " (K2) 

< A [v(x) — v(y)] ko(x,y)dxdy, where B = B p {xq). 

BB 

We prove the following two theorems: 

Theorem 1.1 (Weak Harnack inequality). Let k E /C(«o,A) for some «o E (0,2) and A > 1. 
Then there is a constant C = C(d,ao,A) such that for every supersolution u of (1.1) on 
Q = ( — 1, 1) x i?2(0) which is nonnegative in (— 1, 1) x R i/ie following inequality holds: 

h\\ LH u e) <c(Mu+\\f\\ Loo(Q) ] (HI) 

w/iere C/ e = (l - Q) Q , l) x S 1/2 (0), C/ e = (-1, -1 + (^) Q ) x B 1/2 (0). 

In order to prove Holder regularity we need an additional assumption on ho'. We say that a 
kernel k belongs to lC'(ao,A) if k E /C(ao) A) and if 

sup /" |y| 1/A A;o(x,y)dy<A. (K 3 ) 

x&B 2 (0) ■ 



Theorem 1.2 (Holder regularity). Let k E /C'(ao,A) /or some ao E (0,2) and A > 1. Then 
there is a constant j3 = /3(d,cto,A) such that for every solution u of (1.1) in Q = L x il with 
/ = and et>en/ Q' <s Q i/ie following estimate holds: 

\u(t,x)-u(s,y)\ IWh^jixR") . . 

SU P 1 wf — « ' l nL v 

(t,x) ) («,«)6Q' ^ T _ y | + | t _ s |V«r v 



with some constant rj = rj(Q, Q') > 0. 

Remark. 

1. Note that in Theorem 1.1 the domains U^, Uq can be replaced by ff, l) X-Bj / 2 (0), ( — 1, — |) X 
-^1/2(0), respectively. Similarly, \t — s\ ' a can be replaced by \t — s\ ' in Theorem 1.2. 

2. For this article we choose the most simple characteristic setting in order to explain the main 
arguments. 

- One can obtain Theorem 1.1 for solutions u in general domains in ~R. d+1 by rescaling u 
to a function that is a solution in a standard cylinder ( — 1, 1) x -£>2(0), cf. Lemma 2.4. 

- In equation (1.1) it is possible to consider more general functions / and additional 
terms of lower order. When considering terms involving derivatives of the solution 
u, an additional assumption would be a > 1. These extensions are analogous to the 
corresponding modifications in the case of a second order differential operator. 

3. Note that a strong Harnack inequality, i.e. ||u||j^im ) replaced by sup^ u in (HI), cannot be 
obtained under our assumptions, see [4, Theorem 1] and the discussion on page 148 there. 
Thus, the strong formulation of Harnack's inequality fails although conditions (Ki) and (K2) 
ensure nondegeneracy of the operator L in (1.2). In this sense the nonlocal case differs from 
the case of local diffusion operators. 

One feature of our approach is that the results depend only on d, ao and A, but not on a. 
Thus, in addition to the nonlocality of the operator, one interesting feature is that the order 
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of differentiability can be any number from the interval («o, 2) and the constants in the results 
do not depend on this number. We consider it interesting that the classical approach by Moser 
can be modified to cover this range of problems. However, we do not prove that the classical 
results of [19] for the local diffusion case, i.e. a = 2, follow formally from our results. 

Before we go into details let us shortly discuss related results: Similar parabolic problems of the 
above kind are treated already in [16], where global methods are used. For time-independent 
kernels the article [3] establishes a Harnack inequality and Holder regularity estimates with the 
use of methods both from probability and analysis. The approach of [3] has been extended 
significantly, see [10] as one example. Regularity results like Theorem 1.2 are important for the 
construction and approximation of corresponding Markov processes. In our case these processes 
are jump processes with discontinuous paths and without second moments. 

Nonlinear nonlocal time-dependent variational problems are studied in [7]. The authors extend 
the method of De Giorgi to nonlocal parabolic problems. Holder regularity estimates for linear 
equations with irregular coefficients are a central tool in this approach. They lead to C 1,/3 - 
estimates for problems with translation invariant kernels and finally to existence and regularity 
of solutions to the nonlinear problem considered. 

In the above mentioned results the constants blow up as a / 2. Robust results have been 
established for elliptic equations, e.g. [15], [13], [8], [14] and recently for fully nonlinear nonlocal 
parabolic equations in [9]. See also [23] for related results in a critical nonlinear setting when 
a = 1. 

The main features of our contribution can be summarized as follows: Firstly, we prove local 
regularity results such as a weak Harnack inequality. Secondly, our results are robust for a /* 2, 
i.e. the constants in our main theorems do not depend on a E (a?o,2). Note that for fixed a 
both Theorem 1.1 and Theorem 1.2 reflect the intrinsic scaling property of the underlying 
operator. Thirdly, we allow for a general class of kernels kt(x,y). In particular, we do not 
impose pointwise conditions on kt(x,y) in an essential way. Our article differs from [7] with 
regard to these three aspects. 

The following two examples illustrate two of these aspects; Example 1 illustrates the robustness 
for a /* 2. Example 2 shows that kt(x, y) may be zero on a large set around the diagonal x = y. 

Example 1. Consider a sequence of kernels (fc n ) ne N such that k n E K,{olq, A) for every n E N 
and some uq E (0, 2), A > 1 independent of n E N. For instance kt{x, y) defined by 

k?{x, y) = (2 - a n ) \x - y\ 2 ~ an with a n = 2 - ^ (1.3) 

belongs to /C(1,A) for some A = A(d) > 1. Let (u n ) be a sequence of solutions to the cor- 
responding equation (1.1). Then (HI) holds true for the sequence (u n ) uniformly in n E N. 
Furthermore, if (k n ) additionally satisfies (K3) uniformly in n E N - such as the kernels in (1.3) 
- then also (HC) holds uniformly in n E N. Note that the theorems are interesting and new 
even if a n = a for some a E (0, 2) and all n E N. 

Example 2. Fix a® E (0,2). Assume kt(x,y) = - — 2 ~° +a for some a E (ao,2). Let £ E S rf_1 
and r E (0,1). Set 

S = S^ 1 n (S P (C) U B r (-0) and k' t (x, y) = k t (x,y)l S (^). 

Then we have k' E K(ao, A) for some A > 1. 



Note that the factor (2 — a n ) in (1.3) is essential to find A and «o independent of n G N. 
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The article is organized as follows: In Section 2 we explain the notion of weak (super-)solutions 
and discuss the application of this concept in our setting. In Section 3 we perform Moser's 
iteration for arbitrary negative exponents of positive supersolutions and for small positive 
exponents. Section 4 provides estimates on logu which are necessary in order to apply the 
method of Bombieri and Giusti. The Harnack inequality is proved in Section 5. In Section 6 
we provide the proof of Theorem 1.2. In Appendix A we explain the use of Steklov averages 
when working with weak solutions of parabolic equations. 

Acknowledgement: The authors thank M. Steinhauer and R. Zacher for discussing technical 
details related to parabolic equations and our approach. We are grateful to an anonymous 
referee for detailed comments. 

2. Preliminaries 
The Sobolev space of fractional order a/2 is defined by 

H^m = L e L\n) : |^p^ e L\n x n)| (2.1) 

endowed with the norm 

IMlk"(n) = Nli» ( n) + ( 2 " «) / H ^~\!fS dx d»- ( 2 - 2 ) 

We denote by H Q (Q) the completion of C%°(Q) under |H|jjc*/2( R cn and by H~ a ' 2 the dual of 



rj-a/2 

By inf v and supt> we denote the essential infimum and the essential supremum, respectively, 
of a given funktion v. 

2.1. Concept of weak solutions. In order to introduce the concept of weak solutions for 
(1.1) with L as in (1.2) we define a nonlocal bilinear form associated to L by 

St(u,v)= // [u(t,y)-u(t,x)][v(t,y)-v(t,x)]kt(x,y)dxdy. (2.3) 



Definition 2.1. Assume Q = IxVLC M. d+1 and / G L°°(Q). We say that u G L°°(I; L°°(R d )) 
is a super solution of (1.1) in Q = I X D,, if 

(i) u G Q oc (/; Ll c (Q)) n Lf oc (7; 2^(0)), 

(ii) for every subdomain £1' (s Q, for every subinterval [^1,^2] C I and for every nonnegative 
test function G fl^(I; L 2 (^')) D L ; 2 oc (/; Hq /2 (W)), 

4>(t2,x)u(t2,x)dx— / <f>(ti,x)u(ti,x)dx— / / u(t, x)dt4>(t,x) dxdt+ / £t(u,<f))dt 
Jw Jti Jw Jti 

> I I f(t,x)<f)(t,x)dxdt. (2.4) 
Jti Jn' 



pi 1 

In fact, ^£t is associated to L but we omit the factor ^ in this work. 
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From now on "dtu — Lu > / in / x 0" denotes that u is a supersolution in I x fi in the sense 
of this definition. Subsolutions and solutions 3 are defined analogously. 

The assumptions on u and (j) ensure that all expressions in (2.4) are finite. In order to give 
sense to £t(u, (f)) the function eft is extended by 0. 

If the condition (i) in the Definition 2.1 is weakened by 

(i') u e LZ(i;Ll c (n))nLl c (i;H^ c \n)) } 

then one would need to prove u G C; oc (/; L? (fi)). One possibility is to show that the general- 
ized derivative w.r.t. time of the solution u exists and belongs to L 2 (P; H~ a ' 2 (Q')) for every 
subinterval I' <g I and every subdomain O' d Q. The conclusion follows from an embedding 
theorem (for instance [25, Prop. 23.23]). In the case of (i') the first term in (2.4) has to be 
reinterpreted as 

4>(t2,x)u(t2, x)dx = lim / / <p(t,x)u(t,x)dxdt 

w At ^°+Jt 2 -AtJn> 

and similarly for the second term. 

In the main proofs we do not use Definition 2.1 directly. The starting point in these proofs is 
the inequality 



d t u(t,x)(f>(t,x)dx + £t(u{t,-),^{t,-))> f(t,x)(f>(t,x)dx for a.e. t G I, (2.4') 
w iff 

where we apply test functions of the form <p(t, x) = ip(x)u~ q (t, x), q > 0, where u is a positive 
supersolution in / x Q and ip a suitable cut-off function. In particular, we assume that u is a.e. 
differentiable in time. In Appendix A we justify this approach. 

2.2. Sobolev and Poincare inequality. We provide a Sobolev inequality and a weighted 
Poincare inequality for fractional Sobolev spaces with constants that are uniform for a/2: 

Proposition 2.2 (Sobolev inequality). Let d>2 and ao > 0. Then there is a constant S > 
such that for any a G (ao, 2), R > and u G H a ' 2 (Bji) the following inequality holds: 

|2 



(f Hx)\^dx) " <(2-a)S [[ '"^-ffi 1 dxdy 
\J Br? J JJ \x y\ 

B R Br 

+ SR- a I u 2 {x)dx. 
jbr 



Br Br lX Vl (2.5) 



Proof By adaptation of [6, Theorem 1] to our situation we obtain for v G H a ' 2 (B\(0)) 
||u|liM/Cd-a) (Bl) < c{d) d _ a JJ dxdy+\\v\\ L , {Bi) , 

which proves (2.5) in the case R = 1, since -^^ < (d — 2) _1 . The result follows after a change 
of variables. □ 

In order to derive estimates on log it in Section 4 we will need a weighted Poincare inequality 
of fractional order on -63/2- 



In the definition of a solution there is no restriction on the sign of the test function 
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Proposition 2.3 (Weighted Poincare inequality). Let ^ : B 3 / 2 — >■ [0,1] be defined by Vl/(x) = 
(| — \x\) A 1 and fe G /C(«0; A.) /or some Qo G (0, 2) and A > 1. TTten i/iere is a positive constant 
C2(d,ao,A) such that for every v G L 1 (B 5 /2, i &(x)dx) 

[v (x) — Vy] ^(x)dx<C2 // [v(x) — v (y)] kt(x , y) (^ (x) A ^ (y)) dx dy , 

3/2 JJ 

-t>3/2 i>3/2 



B 



where v q, = I / ^(x^xl / i> (x)^(x) dx. 



^3/2 •* B 3 / 2 

Proof. For x G -B 3 / 2 \ -Bi write ^(x) = 2 J 1 1b 3 ( x ) ds. Then for some a G (ao, 2) 
[v(x) - v(y)} 2 k t (x, y) (*(x) A *(y)) dx dy 

r-3/2 

l2 



S3/2 J B s / 2 



v{x)-v(y)} k t (x,y)2 J l B3 (x)l J B 3 (y)dsdxd7/ 

S3/2 
3/2 



-B3/2 •* B3/2 •'l 



1 ^^3/2 ■> B 3 / 2 



2 / / [n(x)-u(y)] /c t (x, y)ls s (x)ls s (y)dxdyds 



>2A- 1 (2-a)/ 3 '7 / KX) ff 2 lB.(x)lB.(y)dxd|/d 8 

ii Jb. a/2 Jb. a/2 \x-y\ 

= K-\2-a)f [ Hx) -l { yf mx)A*(y))dxdy, 
Jb s/2 Jb s/2 \x-y\ 

where we have applied (K2) to obtain the inequality. The assertion of Proposition 2.3 follows 
now immediately from [12, Corollary 6]. □ 

2.3. Scaling property and standard cylindrical domains. Let us briefly explain the scal- 
ing behaviour of equation (1.1). Here and later in the article we will use the following notation. 
Define for r > i? r (xo) = {x G M. . \x — xq\ < r} and 

I r (t ) = (t -r a ,t + r a ), Qr(x ,t ) = I r (t ) x B r (x ), 

J e (r) = (0,r a ), Q e (r) = / e (r) x B r (0), 

J e ( r ) = (-r Q ,0), Q e (r) = I e (r) x fl r (0). 

Lemma 2.4 (Scaling property). Fix «o G (0,2), £ G R , r£l and r > 0. Assume that there 
is a G («0;2) and A > max(l,aQ ) snc/i i/iai i/ie kernel kt(x,y) = a(t,x,y)ko(x,y) satisfies 
the following properties: for every xo G M d , p G (0, 2r) and u G H a ' 2 (B p (xo)) 

2 /" |„ „.|2 



P / ko-y| k (x ,y)dy+ k (x ,y)dy < Ap a , 

'\xo—y\<p J\x -y\>p 

A' 1 ^ [n(x) - v(y)} 2 k (x, y) dx dy < (2 - a) ff H ^~ ^ dx dy 



< A // [n(x) — v(y)] ko(x,y) dxdy, where B = B p (xq), 



BB 
sup / |y| 1/A feo(s, y) dy < A r 1 /^ . 
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Let u be a supersolution of the corresponding equation (1.1) in Q D Q r (£,T~). 

Then u(t, x) = u{r a t + T,rx + £) satisfies the following inequality for every nonnegative 

G ^((-1, 1); L 2 (5i(0))) n L 2 ((-l, 1); ^(B^O))) 

i 



0(t, x)u(t, x) dx 



t=-\ 



l(0) 



u(£, x)dt4>{t, x) dx dt 



- / // [u(t,a;)-n(t,y)][^(t,x)-0(t,y)]fe t (x,y)dxdydt> / r a /(i, x)0(i,x) dxdi, 
'-l JJ JQi(o) 

R d R d 
where f(t, x) = f(tr a + r,rx + £) and 

kt(x, y) = a(r a t + r,rx + £, ry + £) r d+Q A; (rx + £, ry + £). 
In particular, k belongs to lC'(ao,A). 




FIGURE 1 . Standard cylindrical domains 



3. MOSER'S ITERATION FOR POSITIVE SUPERSOLUTIONS 

In this section we provide local estimates of negative powers and small positive powers of 
supersolutions u. In the first subsection we collect computation rules which we need. Then 
we prove the basic step in Moser's iteration process for negative powers which leads to a first 
estimate of inf u. Last we estimate small positive powers of positive supersolutions u. 

Throughout this section we assume that the kernel k in (1.1) belongs to some /C(ao, A). 



3.1. Some algebraic inequalities. The second-named author thanks I. Popescu for the fol- 
lowing proposition. 



Proposition 3.1. Let f,g £ C x ([a,b\). Then 
f(b)-f(a) | (g(b)-g(a) 



< max [f'(t) + (g'(t)) 2 ] 

<£ [a,b\ 



(3.1) 
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Proof. Assume that (3.1) was not true and integrate the reversed inequality over [a, b] resulting 



m 



f(b) - /(a) + {9{h \ 9{a)? > f(b) - /(a) + [\ 9 '{t)f di, 



which is equivalent to 



b — a 



g{b)-g{a)\ 2 1 f b . ,. .,, , 



This is a contradiction (Jensen's inequality) and hence Proposition 3.1 is proved. 
Lemma 3.2. Let q > 0, q ^ 1 and a,b > 0. Then 

(b - a){a- q - b~ q ) > - 4g ,„ (W - a^ ' 



□ 



(1-Q)' 



(3.2) 



(1-9) 



Proof. Setting c(q) = , q , (3.2) is equivalent to 



k, 



cfa) 



6-9 - a~ q 
b — a 



+ 



1_, i-g 

02 — a 2 



i-g 



Proposition 3.1 with fit) = c{q)t q and g(t) = t 2 yields 



c(<?) 



6~ g - q-q 

b — a 



+ 



, 1-9 1-g 

02 — a 2 



(6 -a)* 



< max r x ~ q 

te[a,b] 



<0. 



(1-9) 2 , (1 



+ 



0, 



which proves inequality (3.2). 



□ 



Part (i) of the following lemma is taken from [15, Lemma 2.5]. 
Lemma 3.3. 
(i) Let q > 1, o, b > and n,T2 > 0. Set i?(o) = max < 4, -^j— f - JTien 



< v "-^-«)^(w(A)'-(^) 



l-q 1-q -l 2 

6 \ 2 / a \ 2 



72 

#(9) ( r 2 - n) 



b \ H I a x 



T"2 



+ 



Tl 



. (3.3) 



Since 1 — q < i/ie division by t\ = or T2 = zs allowed. 
(11) Let q G (0, 1), a, 6 > and n , r 2 > 0. Sei C(?) = 3^, &(<f) = §C(tf) ^ C 2 (?) = C(?) + § • 
XTien 



1-9 1-9 



(6 - a) (t^o-9 - r^b- q ) > Ci(q) (r 2 & * - Tia ^j - C 2 (g)(r 2 - n)" (b 1 "* + a 1 "") (3.4) 

Proof. Here we only prove (3.4); for the proof of (3.3) we refer to [15, pp. 5-6]. (3.4) is easily 
checked if r 2 = 0. If t\ = and r 2 > the inequality reads 

_ 6 i-« + ao -<? > ( Cl (g) - C 2 (g)) h x ~ q - C 2 (q)a 1 - q . 

This is true since Ci(l) ~ C 2 (?) < — 1- 
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Now we consider the case T\T2 > 0. We can assume b > a due to symmetry. Setting t = - > 1, 
s = — > and A = s 2 t~ q , assertion (3.4) is equivalent to 

Ci(?) (VXt - if < (t - 1)(1 - A) + C 2 (?)(« - I) 2 it 1 -* + 1) (3.5) 

We estimate 

Ai-l) <2(\ f Xt-t^r\ +2(ri*-l) = 2(s - l) 2 * 1 " 9 + 2 ft 1 ? - 1 
< 2(s _l)2 f i- g + _l_ (f _ 1)(1 _ t ^ ); 

where we have used Lemma 3.2 in the last inequality noting that (■>_? \i > fir - = C(q) f° r 
q G (0, 1). We decompose the last factor of the above inequality as follows: 

1 _ t - q = (1 - A) + (A - t~ 9 ) = (1 - A) + (s - lft- q + 2(s - l)t- q . 

This implies 

V\t - if < (2 + JL) (s - 1) ¥-« + JL(t - i)(i - A) + ^L(t - i)( a - i)r«. (3.6) 

It remains to estimate the last term in (3.6). To this end we consider different ranges of 
t G [l,oo) and s G (0, 00): 

a) t > 1, s € (1, 2) and £ — 1 > -f (s — 1): By the mean value theorem, there is £ G (1, t) such 
that t 9 — 1 = g^ <7_1 (£ — 1). Then we can estimate 

(* + 2)(s-l) < g(* + 2) < g < _^_ < x = V-l 

t-1 ~ At ~ t ~ t 1 -* ~ K t-1' 

Therefore 

(s + 2)(s-l) <t q -1, or equivalents s - 1 < t q - s 2 = t q (l - A). 

This implies (t - l)(s - l)t- q <(t- 1)(1 - A). We deduce from (3.6) 

JC(«) (VaI - I)' < (|C(«) + J) (* - l) 2 * 1 " 9 + (*-!)(!- A)- (3.7a) 



b) t > 1, s G (1, 2) and i - 1 < |t(s - 1): In this case (t - l)(s - l)*" 9 < |t 1_9 (s - l) 2 and - 
again by (3.6) - 

|C(?) (VAt - I)' < (C(g) + 1 + |) (a - l) 2 * 1 ^ + (t - 1)(1 - A). (3.7b) 

c) t = 1 or s < 1: Then obviously (t — l)(s — l)t _,? < and 

|C(g) (7a7- l)* < (C(«) + 1) (a - l) 2 ^ 9 + (t - 1)(1 - A). (3.7c) 

d) i > 1, s > 2: Using s - 1 < (s - l) 2 we obtain (t - l)(s - l)* -9 < (s - l) 2 * 1 " 9 and 

|C(g) (VAt - i) 2 < (C(g) + 3) (s - iff 1 -* + (t - 1)(1 - A). (3.7d) 

Combining inequalities (3.7a)-(3.7d) we obtain (3.5) since 3 < 1 + - < -. This finishes the 
proof of Lemma 3.3. □ 
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3.2. Basic step for negative exponents. The following proposition provides the elementary 
step of Moser's iteration. Its proof imitates Moser's ideas in [19] and [20], respectively. 

Proposition 3.4. Let ^ < r < R < 1 and p > 0. Then every nonnegative supersolution u in 
Q = I x Q, Q 3) Qq{R), with u > e > in Q satisfies the following inequality 

u~ Kp (t,x)dxdt ) <A u- p (t,x)dxdt , (3.8) 

\L°otQ\, K = 1 + % and A can be chosen as 
A = C(p+l) 2 ((R-ry a + (R a -r")- 1 ) withC = C(d,a ,A). (3.9) 

Remark. Note that 



where u = u + 



1 + 1 < \ ( R -j;) a 



(R-r) a {R a -r a ) 



for a e [1,2), 
2 for a E (0,1]. 



(R a -r a ) 



Proof. Let u be a supersolution in Q with u > e > in Q. We set u = u + [|/[|^oofoy If / = 
a.e. in Q we set u = u + (5 and pass to the limit 5 \ in the end. For q > 1 define 



.1-9 



v(t,x)=u a'(t,x), 4>(t,x)=u q (t,x)ip q+1 (x), 

where -0: M d -»• [0,1] is defined by ^(ar) = f^=^ Al)v0. Obviously, V 9+1 G Hq /2 (B r ) 
Hence, from (2.4') we obtain 

-tp q+1 (x)u~ q (t, x)d t u(t, x) dx+ 



Br 



+ 



[u{t, x) - u(t, y)} [^ q+l {y)u- q {t, y) - ip q+1 (x) U - q (t, x)] k t (x, y) dx dy 



< / -ip q+1 (x)u- q (t,x)f(t,x)dx. 

JB R 



Applying Lemma 3.3(i) (remember the definition of $(q) therein) and rewriting 
dtv 2 = (1 — q)u~ q dtu yields 



l - / ^d t {v 2 )dx + -^ // il>(x)1>(y) 



q-l T ^ ' q- 

' B R 



1-9 1-q -i 2 

u(t,x) \ 2 _ f u(t,y) \ 2 

4(b) ) \ w) 



<t?(«) // hKaO-^Ci/)] 1 



V'(x) 



1-5 



w(*,z)\ , fu(t,y) 



+ 



ip(y) 



1-9 



k t (x,y)dxdy 
k t (x,y)dxdy 



+ / ^+ 1 (a;)|n-«(t,x)||/(t,x)|dx, (3.10) 



The definition of ip results in the two estimates 

[tl)(x)ip(y)] 



~ 1 -i 

u(t,x)\ 2 



ip(x) 



> [ 



___ 1-9 -1 2, 

^yj) h(x,y)dxdy 

[v(t,x) -v(t,y)] 2 k t {x,y)dxdy, 



(3.11) 



D T 13 r 



LOCAL REGULARITY FOR PARABOLIC NONLOCAL OPERATORS 



11 



and 



[tfj(x) - ip{y)} 



u(t,x] 



1-9 



+ 



u(t, y) 



1-9 



< 2 



ip(x) J ' V ip(y) 

x )-i>{y)\ u 1 ~ q (t,x)kt(x,y)dxdy 



k t (x 1 y)dxdy 



Br Br 



+ 4 



ip(x) — ip(y)] u g (t,x)kt(x,y)dydx 



BuB 



R D R 



< ci{d,A){R 



r) '- I v (x)dx, 

'Br 



(3.12) 



where we have used (Ki) and sup x . i?/eR d . |2 
fact that 1 1 f/u\ \^ooiq\ < 1 we obtain from (3.10) 



i — < (n_ ,N2 - Combining (3.11), (3.12) and the 



b r 



7P q+1 (x)d t (v 2 )(t,x)dx+ // [v( y t,x)-v(t,y)] 2 k t (x,y)dxdy 



J3 r D r 



< (q-l)(l + Mq)ci(R-r)- a ) [ 

J Br 



v 2 (x)dx. (3.13) 



Now define a piecewise differentiable function %: R — >■ [0, 1] by x{t) = ( ^-" a All V 0. Mul- 
tiplying (3.13) by x 2 we get 

d t I ij q+ \x)[ X (t)v(t,x)] 2 dx + X 2 (t) [f [v(t,x)-v(t,y)] 2 k t (x,y)dxdy 

J Br J J 

<c 2 (q-lMq)(R-r)- a X 2 (t) [ v 2 (t, x) dx + 2 X (t) \ X '(t)\ [ v 2 (t,x) (3.14) 

Jb r Jb r 

and integrating this inequality from — R a to some t £ Ie( r ) yields 

«*(«).(.,))'« /' x'M // [^.)-^v)]'».(..,)d,d,d. 



Bi 



D r ±J r 



<c 2 (q-l)$(q)(R-r)- a [ X 2 (s)[ v 2 (s,x)dxds + 

J-R a J Br 



Br 
t 



+ 1 2 x(s)\x'(s)\ v 2 (s,x)dxds, 

-R a JBr 



which implies, noting that \x'\ < Ra _ a , 

sup [ A*)<*+[ I [«<.,»)-«<.,,)]"*.(«,,)d«d,d. 

t&I B (r)JB r JQB(r)JB r 



feW 

< c 3 (q - l)$(q) ((R - r)~ a + (R a - r )- 1 ) I v 2 (s, x) dx ds. (3.15) 

JQ e (R) 
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In order to estimate the second term on the left-hand side from below we apply Holder's 
inequality with exponents 9 = rz:, 0' = — to the integrand v 2k and then we make use of 
Sobolev's inequality (2.5): 

v 2K (t,x)dxdt = I v 2 {t,x)v 2a / d {t,x)dxdt 

O I,-) JQ e (r) 

I/O s r \ 1/0' 



< / I / v 2e {t,x)dx 

,.2, 



u (£, x) dx 



df 



< S sup I / v z (t,x)dx ) 

tel e (r) \JB r 



(2 -a) 



\v(x) -v{y)[ 



Q (r)JB r \X-y 



d+a 



dx dy + r 



'e(r) 



v (t,x)dx 



where S = S(d,ao). Using (3.15) twice, r > \ and (K2) yields 

v 2K {t, x) dx dt < c 4 (d, A, a ) [(? - 1)0(?) ((R ~ r)~ a + (R a - r )' 1 )} W x 



Qe(r) 



Qe(R) 



v (s,x)dxds 



x [(q - l)tf(g) ((R - ry a + (R a - r a )^) + 1 

Finally, we can estimate the coefficient by 

c 4 (d, A, ao) [(q ~ l)Hq) {(R ~ r)~ a + (R a - r )" 1 )] * 

+ [(q - l)0(g) ((R - r)~ a + (R a - r )- 1 )] K 

< c 5 (d, A, a ) [q#(q) {(R - r)~ a + (R a - r a y l )} K 

< C6(d, A, a )9 2K [(« - r)~ a + (iT - r a )^] K , 

which finishes the proof of (3.8) by taking p = q — 1 and resubstituting v = u~^~ . 



1+1/6*' 



□ 



3.3. An estimate for inf u. We apply the fact that the p-th moments of u converge to the 
infimum for p — > —00 and establish a local estimate on the infimum of u. 

Theorem 3.5 (Moser iteration I). Let ^ < r < R < 1 and < p < 1. Then there is a constant 
C = C(d, ao, A) > such that for every nonnegative supersolution u inQ = I xQ, Qd Qq{R), 
with u > e > in Q the following estimate holds: 

( c \ 1/p ( r V /p 

sup u- 1 < ( - nN ) / u- p (t,x)dxdt) , (3.16) 



Qe(r) 
where u = u+ [|/[|£<x>(Q) and G\(r, R) 

( (R-r) d+2 
In particular, G\{r,R) > ' 



Gi(r,R)J \JQ e (R) 
((R-r) d+a 



ifa> 1, 
if a > 1, 



^a _ r a)(d+2)/ao j/ a <l. 
The proof uses the method established in [20, § 4]. 
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Proof. To shorten notation we define 

M e {u- 1 ;r,p)=M e (r,p)= I [ \u(t,x)\~ p dx&t J . (3.17) 

\JQe(r) J 

Then the moment inequality (3.8) reads 

M Q (r, np) < A x l p M Q (R,p) with A as in (3.9). 

The strategy is to iterate Proposition 3.4 using a decreasing sequence r^ = R > r\ > r-i > 
. . . > r of radii and the sequence of negative exponents p m = —pK m , m G No- 

Applying (3.8) repeatedly we obtain the inequality 

i 
M p e (r,p m+1 ) < M p e (r m+l ,p m+1 ) < A)^ M p e (r m ,p m ) < M p Q {r ,p)\[A 



J 
j=0 



with Aj = C(pj + l) 2 ( (rj — Tj+\) a + (rf — rf+i) 1 ) ■ Taking the limit m — > oo, we find 

oo 

sup u~ p = lim M p e {r,p m ) < M p e {R,p)T\ A) /K3 . 

Qo(r) "™ ,- = o 

Consequently it now suffices to prove that 



11 3 ~ (R- r ) d+a + (R a - r a )( d+a )l a (3.18) 

for some suitable constant C > 0. To establish (3.18) we will choose two different sequences 
(r m ) in the cases a £ [1, 2) and a £ (ato, 1): 

• a € [1, 2) : Set r m = r + - 2 ~ r ^ . We can estimate 

2^' +1 \ a d 



A . < Cl(p ^ + 1)2 (r . _ ri+1 )-a < Ci(2K i)2 f |^-) < 



R-rJ ~ (R-r) a 
Now the convergence of the infinite product in (3.18) follows immediately since 

oo . oo 

£ £ < E (l+a /d)J ^ C3 ( a °' ^ < °° alld 
j=0 j=0 

OO 

-^- 1/7 ~« E K" j « 1 

II [(* - '•)■"] /K = ( R - r ) ^ =( R - r r a ^ = {R - rY+a ■ 

This proves (3.16) in the case a > 1. 

/ (R a —r a )\ l / a 

a G («0) 1] : Set r m = ( r a + - — ^s — £ I . Then we obtain in a very similar way as 
above 

j oo .. 



^ < {Ra i rtt) - d nt( ff 



J (#a _ r a)(rf+a)/a' 

j=0 

This proves (3.16) in the case a < 1. □ 
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3.4. Basic step for positive exponents. The technique for the proof of the basic step for 
small positive exponents is very similar to the one used in the case of negative exponents. We 
state it separately and indicate the modifications which are necessary to obtain the correspond- 
ing moment inequality. 

Proposition 3.6. Let \ < r < R < 1 and p G (0, k _1 ] with k= 1 + %. Then every nonnegative 
supersolution u in Q = I x Q,, Q D Q§(R), satisfies the following inequality 

1/k 

u p (t,x)dxdt, (3.19) 



(\ l / K 
I u Kp (t,x)dxdt) <A' [ 
JQ®(r) J JQ 



®(R) 



where u = u + H/H^oofQ) an d A 1 can be chosen as 

A' = C ((R - r)~ a + (R a - r a )- x ) with C = C'(d,a ,A). (3.20) 

Proof. Let u be a supersolution in Q with u > in Q. We set u = u + ||/||£<x.(qv If / = a.e. 
in Q we set u = u + e and pass to the limit e \ in the end. 

Set q = 1 — p £ [1 — K , 1) and define 

1 — q ex 

v(t, x) = M^(t,l), <ft(t, x) = U~ q (t,x)lp (x) 

with -0 as in the proof of Proposition 3.4. From (2.4') we obtain 
—tp (x)u~ q (t,x)dtu(t,x)dx 

Br 



+ // [u(t, x) - u(t, y)] [>p 2 (y)u- q (t, y) - ^ 2 {x)u~ q {t, x)] k t (x, y) dx dy 

R d R d 

< / -ip 2 (x)u- q (t,x)f(t,x)dx. (3.21) 
Jb r 

First we observe that for every small h > 

[u(t,x) -u(t,y)] [ip 2 (y)u~ q (t,y) - ip 2 (x)u~ q (t, x)] k t (x,y)dxdy 



[u{t 1 x)-u(t,y)][^ 2 {y)u q (t,y) - ip 2 (x)u q (t, x)] k t (x, y) dxdy (322) 

BR+h Br+h 

+ 2 / / [u(t, x) - u(t, y)\ [-i> 2 (x)u- q (t, x)] h(x, y) dy dx . 

JB R JB R+h 

Using (Ki), the positivity of u and the fact that ^^"''j < (R — r)~ 2 we can estimate as 
follows: 

f [ pft,,- 3 (^)][-V(,) 5 r.(t,,)] W ,,,)*d, 

JB R JB<^, U 



3-R " D R +h 

-2 



>-/ u l ~ q {t,x) 

JBr 



(R-r) I \x-y\ k t (x,y)dy+ k t (x,y)dy 

\y-x\<R— r J\y—x\>R—r 



dx 



> -A{R-r)~ a / v\t,x)dx. 

'Br 
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If h — > 0, this shows also that the decomposition in (3.22) is valid with h = 0. Rewriting 
dfV 2 = (1 — q)u~ q dfU and using that llZ/SH^oofoi < 1 we deduce from (3.21) 

' tp 2 (x)d t v' z (t,x)dx+ 



1 -iJb r 



+ // [u(t, x) - u(t, y)\ [^ 2 {y)u- q {t, y) - tf(x)vr q (t, x)] k t (x, y) dx dy 

Br Br 



< Cl A(R-r)~ a [ v 2 (t,x)dx. 
Jb r 



Applying Lemma 3.3(h) we arrive at 
-1 



1 ~ ( iJbr 



ip (x)d t v (t,x)dx + Ci(q) // [ip(x)v(t,x)-ip(y)v(t,y)] k t (x,y)dxdy 



Br B R 



< Cl A{R-r)- a I v 2 (t,x)dx + ( 2 {q) I (^(x) - ^(y)f{v 2 {t,x) + v 2 {t,y))k t {x,y) dxdy 

J Br J J 



Br Br 



By the properties of ip and (Ki) this implies 

ip 2 (x)d t v 2 (t,x)dx+ (1 - q)Ci(q) II [v (t,x) - v(t,y)] 2 k t (x,y) dxdy 



B f 



D r J3 r 



<c 2 (d,A)(l-q)(R-r)- a (l + ( 2 (q)) / v 2 (t,x)dx. 

J Br 



We multiply this inequality with the function x : K — >• [0,1] defined by x(i) = I ^i_ r t A 1 J V 0. 

We integrate the resulting inequality from some t £ -^e( r ) to R a and apply the same technique 
that we used to obtain (3.15) from (3.13) in Proposition 3.4. As a result we get 

sup f *,)dx + (l -,»(,)/■ / [„(.,,)-»<.,,)]> W ,,,)d«d,d. 

<c 3 (d,A)\(l-q) + (l-q)( 2 (q)(R-r)- a + (R a -r a )- 1 ] f v 2 (s,x)dxds. 

1 J JQ®{R) 

Applying Sobolev's inequality as in the proof of Proposition 3.4 (1 — q)(i(q) = § > n, f, 2) we 



obtain 



Qs(r) 



v 2K (t, x) dxdt < c 4 (d, A, a ) (!-?) + (!- q)&(q)(R ~ r)~ a + (R a - r a ) 



6 — 3(d+2) 
1/0' 



ct „a\— 1 



;i - q) + (1 - q)( 2 (q)(R - r)- a + (R a - r a y l + 1 



Q®(R) 



v (s,x)dxds 



1+1/0' 



9(i-g) 



9(d+a) 



Now we observe that (1 — q)C%(q) = 4g + — — — < 4 -\ — - — — < c$(d, ao). Thus we can estimate 
the coefficient by 
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1/9' 



+ 



:>" r )" 1 



(1 - g) + (1 - q)(2(q)(R ~ r)~ a + (R° - r")^ 

\l-q) + (l-qK2(q)(R-r)~ a + (R° 

< ce(d, A,a ) [(12 - r)- Q + (iT - r 01 )" 1 ]"' 
This finishes the proof of Proposition 3.6 by resubstituting g = 1 — p and v = u 2 . □ 

Note that tt , the upper bound on p, can be replaced by any number less than 1. 

3.5. An estimate for small positive moments of u. The aim of this subsection is to 
estimate the L -norm of supersolutions u from above by the L 1 -norm of u p for small values of 
p > 0. 

Theorem 3.7 (Moser iteration II). Let \ < r < R < 1 and p G (0, n^ 1 ) with k = 1 + §. TTien 
i/iere are constants C,u>i,u>2 > depending only on d,ao,A, such that for every nonnegative 
supersolution u in Q = I x £1, Q 3) Q®(R), the following estimate holds: 

\ i/p 
u p (t,x)dxdt I 



/ (7 \ Vp- ] 

«(t, x) dx dt < — 
ffl (r) \\Q®{l)\G2{r,R), 



(3.23) 



where u = u + 



L°°(Q(R)) 



and G2(r,R) 



(R-r) Wl */a>l, 



The proof of this theorem follows [24, Lemma 2.2]. 

Proof. Assume that a > 1. Similar to the proof of Theorem 3.5 define for j = 1, . 



,n 



Pi =« 



and 



r + 



2J 



l/p 



/q 01 l u (*' x )I P dxdi) > the assertion 
(3.19) of Proposition 3.6 reads 

M®(r, Kp) < A ,l/p M®(R,p) with A' as in (3.20). 
Iterating (3.19) n times, n G N, with pj and r^ as above we obtain 

fil nan \ K 



M®(r, 1) < M 9 (r n , 1) = M^(r n ,ptK) < 



(R-r) a 



M & (r n -i,pi) 



-2 j 

' I I ( - -^ 1 7W©(r n _2,p 2 ) < M®(r Q ,p n ) [[ 

i=i 



.(R-r) 
Employing the formulae 
i< I 1 



(R-r) 



(R-r) 



E 



K J 



i=i 
we deduce 



re - 1 \p n 



1 



d + a / 1 



a \p 



0' I^-^^'^^IF^- 1 )' 



M©M)< 



(iJ-r)^ 



Pn 



M @ (r ,p n )- 



(3.24) 
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Now, for p 6 (0, k 1 ) fix n £ N such that p n < p < p n —\. Thus 

— - 1 = K n - 1 < K n + K n - 1 - K ~ 1 = (1 + k)(k™- 1 - 1) = (1 + K ) ( 1 

Pn \Pn-l ~ 1 

<(! + «) (l-i). 

Additionally we have by Holder's inequality 

M e (r , Pn ) = M & (R, Pn ) < |QeOR)F^ M 9 {R,p) < |Q©(1)|£ _ * M 9 {R,p). 
Combining (3.24), (3.25) and the latter inequality we obtain 



(3.25) 



IQe(l) 



•Me(r,l)< 



|Q©(l)|2(^FC"^i 

(#_ r )(d+a) 



(l+")(|-l) 



IQe(l) 



Vp 



?y 



Qe(i) 



Finally, since a G (ao, 2) and k£(1+ (*o/d, 1 + 2/d), there is a constant c = c(d, ao, C") such 
that 



M & (r,l)< 



M®(R,p). 



(3.26) 



JQ ffi (l)l(«-0 (1+K)(d+Q) 
This proves (3.23) in the case a > 1 with u>i = 2d + 6 + 4/d > (1 + «)(d + a). 

For a < 1 apply the same arguments to the sequence of radii defined by rj = (r a + 2 ~" r ) 
For these radii the inequality corresponding to (3.26) reads 



M e (r,l)< 



v(l+«)*±H 



i-1 
P 



^©(E.p). 



UQ©(l)|(i^-r«)^ « J 

This proves (3.23) in the case a S (ao, 1) with u>2 = 2d/ao + 3 + 2/d > (1 + k)=-^-. Hence, 
Theorem 3.7 is proved. □ 



4. An estimate for log it 

The following lemma provides a lower bound for the nonlocal term in (2.4) when applying u _1 
times some cut-off function as test function. See [2, Proposition 4.9] for a similar result. 

Lemma 4.1. Let Jcl and tp: M. d — > [0, oo) be a continuous function satisfying supp[?/>] = Br 
for some R > and sup ie j£i(^,'!/') < oo. Then the following computation rule holds for 
w: I xR d -)■ [0,oo): 



£t(w,-il>'w- l )> // i(>(x)i/>(y) to. 



«>(£>y) , ^(i,x) 



V'(y) 



log- 



?/>(x) 



fct(z,y)da;dy-3 S t {^,ip) 



Br B R 

Remark. We apply the rule above only in cases where all terms are finite. 
Proof Fix t £ I. First of all we note that 



> 



il)(x)il){y) 



ip(x)w(t,y) ip(y)w(t,x) ip{y) tp(x) 



+ 



Br B R 



ip(y)w(t,x) ip(x)w(t,y) tp(x) ip{y)_ 



k t (x,y)dydx 
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+ 2 // [w(t,y)-w(t,x)] [ij 2 {x)w- 1 {t 1 x)-^ 2 {y)w- l {t,y)]k t {x,y)dydx (4.1) 



b r b r 



+ 



[w(t,y) -w(t,x)] [%l) 2 {x)w 1 (t,x) -tp 2 {y)w 1 (t,y)] k t (x,y)dydx 



Because of supp[V>] = -Br the third term on the right-hand side vanishes. 

To estimate the first term on the right-hand side we apply the inequality 

(a - bf , 



ab 

w(t,y) 



b) (b' 1 - a' 1 ) > (log a - log b) 2 for a, b > 



to a = A t (x,y) = ^|fj and b = B(x,y) = |^, x,y £ B R : 

Tp(x)w(t,y) ip(y)w(t,x) _ ?p{y) _ ip{x) 
ip(y)w(t,x) ij)(x)w(t,y) ip(x) ip(y) 

_ A t (x,y) B(x,y) 



1 






Hence, 



i>{x)il)(y) 



ip(x)w(t,y) ip(y)w(t,x) ip{y) tp(x) 



+ 



BrB r 



ip(y)w(t,x) ip(x)w(t,y) ip{x) ip(y) 



k t (x,y)dydx 



> JJ i){x)^{y) ( loj 

Br B r 



w(t,y) w(t,x) 

log 



dydx-£t(ip,if>). (4.2) 



ip(y) '' ij}{x\ 

Finally, we estimate the second term using the nonnegativity of w (i, ■) in M : 

[w(£,y) -w(i,x)] [^(x)^" 1 ^,^) - V 2 (y)^ _1 (i,y)] /c*(x,y)dydx 

[w(t,y) - w(t,x)] [tp 2 (x)w~ 1 (t,x)] k t (x,y)dydx 



w(t,y)kt(x,y)dydx- I 4> 2 (x) j k t (x,y)dydx 

B% 



BrBI 



BrB% 



B 



V> 2 (x) 

R w(t,x) J B c r 



>-/ / [ip(x) - tp(y)} kt(x,y)dydx>-St(ip,ip). 

J B R JB r 

Applying the estimates (4.2) and (4.3) in (4.1) finishes the proof of Lemma 4.1. 



(4.3) 



□ 



Proposition 4.2. Assume k £ IC(ao,A) for some uq £ (0,2) and A > 1. Then there is 
C = C(d,ao,A) > such that for every super solution u of (1.1) in Q = (— 1, 1) X i?2(0) which 
satisfies u > e > in (— 1, 1) X Mr, there is a constant a = a(u) £ R swc/i that the following 
inequalities hold simultaneously: 

Vs > 0: (d<(8) dx)(Q ffi (l)n{logn < -s - o}) < ■ , (4.4a) 



Ms > 0: (dt® dx)(Q e (l)n{logu > s - a}) < 



s 



(4.4b) 



where u = u + 



L°°(Q)- 
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Proof. In the course of the proof we introduce constants c±, c 2 , C3, C4 that may depend on d, olq, 
and A. We use the test function 4>(t,x) = ^> 2 (x)u _1 (£, x) in (2.4'), where 



ij?{x) = [(§- |x|) Al] VO, i£i d , 



and we write t> (£, x) = — log "j,^ . Thus we have for a.e. t S (—1,1) 



^ 2 (x)dtv(t,x) dx + 5f(u, — V' 2 ^, l ) < — j ip 2 (x)u l (t,x)f(t,x)dx. 

2 

Applying Lemma 4.1 and ||//S|| i0 ofQ-) < 1 we obtain 
/ V (x)dtv (t, x) dx + 

■/Bq/o 



3 3/2 



+ // ^(x)ip(y) [v(t,y) -v(t,x)] k t (x,y)dxdy < \B 3 / 2 \ + 3£t(^>, **/>)• 



#3/2 #3/2 



Now we apply the weighted Poincare-inequality, Proposition 2.3, to the second term and use 
the fact sup £t(ip, VO < C for some constant C = C(d, ao, A). We obtain 

*6(-l,l) 



-^3/2 -^^3/2 



l2„,.2, 



i(j z (x)d t v(t, x) dx + ci / [v(t, x) - V{t)Y i> (x) dx < c 2 |5i| , 

■ /B 3/2 

where 



lB 3/2 V ( t ^ X ) t f ;2 ( X ) dx 

Ib z/2 ^ 2 ( x ) Ax 

The proof now proceeds as in the case of local operators. Our presentation uses ideas from [19, 
pp. 120-123] and [21, Lemma 5.4.1]. 

Integrating the above inequality over [^1,^2] C (— 1, 1) yields 
i/j (x)v(t,x) dx 



B 'i/2 



t 2 t 

+ cif 2 f [v(t, x) - V(t)] 2 i) 2 dx < c 2 (t 2 - h) |-Bi| • (4.5) 
t=ti Jtl Jb3 / 2 



Dividing by f B ip 2 , using f B tp 2 < 2 |-Bi| and ip = 1 in B\, we obtain 

V(t 2 )-V(t 1 ) + ^- f 2 f [v(t,x)-V(t)] 2 dxdt<c 2 (t2-h) withc 3 = — , (4.6) 
\Bi\ h x Jb x ci 

or equivalently 

V(t2) ~ V(tl) + lDl f t, f /" [«(*,*) " V(*)] 2 dxdt < C2 (4.7) 



i 2 — h \Bi\ (t 2 — h) J tl J Bl 

Assume that V{t) is differentiable. Taking the limit t 2 — > £1 the above inequality yields 

^(*) + rti f Wt> x ) ~ v ( t )f dx ^ c 2> for a - e - * e (-M)- (4. 

I -oil JBx 

Now set 

«;(*, x) = v(t, x) - c 2 t, W(t) = V(t) - c 2 t, 



LOCAL REGULARITY FOR PARABOLIC NONLOCAL OPERATORS 20 

such that (4.8) reads 

W'W + rkl f [w(t,x) -W(t)] 2 dx<0, W(0) = a, (4.9) 

\ B i\ Jb 1 

where a is a constant depending on u. Note that by the latter inequality W is nonincreasing 
in (-1,1). 

We work out here the details for the proof of (4.4a). It is straightforward to mimic the arguments 
for the proof of (4.4b). Define for t £ (0, 1) and s > the set 

Lf(t) = {x£B 1 (0): w(t,x) > s + a}. (4.10) 

Noting that W(t) < a for a.e. t £ (0, 1), we obtain for such t and x G Lf(t) 

w(t, x) - W(t) >s + a- W(t) > 0. 

Using this in (4.9) yields 

-l 



which is equivalent to 



W'{t) + £- \Lf(t)\ (s + a- W(t)f < 0, 



-c 3 W'(t) \Lf(t)\ 



(s + a-W(t)) 2 ~ \B t \ ' 
Intergrating this inequality over t £ (0, 1) we obtain 

1 >^/ 1 |L-(t)|d i -'^ 1 ) n ^ >S + ^ 



^> 



C3 



s + a- W(t) 



— I R I ( s \ S\ I D I 

r=0 l"°ll JO l-Dll 

and replacing w again by w(t, x) = v(t, x) — c 2 t = — log u — c 2 t in Q©(1) yields 

|g e (l)n{log5 + c 2 t< -s-a}\ < °^A. (4.11) 

Finally, 

|Q©(l)n{log5< -s-a}\ < |Q©(l)n{logu + C2* < -s/2 - a}\ + |Q e (l) n {c 2 t > s/2}\ 

<^|Wl-f-W^-' 

S \ 2c 2 J s 

In case that V is only continuous in (— 1, 1) we derive the result in a different manner, cf. [18, 
Lemma 6.21]: For eq > there is 5 > such that for t 2 < t\ + 5 

\v(t, x) - V(t)\ 2 < 2 \v(t, x) - V(t 2 )\ 2 + 2 \V(t 2 ) - V{t)\ 2 < 2 \v(t, x) - V(t 2 )\ 2 + 2e 2 . 

Hence, by (4.6) we obtain for t 2 < t\ + 5 



V(t 2 ) - V{h) + rfb / / [v(t, x) - V(t 2 )} 2 dx dt < (2c 2 + 2c^e 2 ) (t 2 - h). 
I -oil h x Jb x 

Defining 

w{t, x) = v(t, x) - (2c 2 + 2cz 1 £ 2 ) t, W(t) = V(t) - (2c 2 + 2c^ 1 e 2 ) t, 
the latter inequality reads 

W(t 2 ) - W(h) + ^- [ 2 I [w(t, x) - W(t 2 ) + (2c 2 + 2c^ l e 2 )(t 2 - tj\ 2 dx dt < 0. 

I-Dll Jh JBi 
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Using the fact that for t, t 2 G (0, 1) and x G Lf(t) we have w(t, x)-W(t 2 ) > s + a-W{t 2 ) > 0, 
we can omit the term (2c 2 + 2c^~ £q)(£ 2 ~~ t) m t ne integral and deduce that for t 2 < t± + 5 

W(t 2 )-W(h) , c^ 1 ^ 






( s + o-w(t 2 )) 2 |5i|y tl 

Again, since VK is nonincreasing, this implies 

i r iL®mi at < w(*i)-w(*2) 

|5i|4 I sU| -( a + -W(ti))( S + a-W(< 2 )) 

1 1 



(4.12) 



s + o-W(ti) s + a-P^(t 2 ) ' 
Choosing k G N such that i < 5, writing 

[ 1 \Lf(t)\dt = ^[~\Lf(t)\dt, 

and applying (4.12) in each summand, we establish (4.11). Using the same arguments as above 
we establish (4.4a). This finishes the proof of Proposition 4.2. □ 

5. Proof of the Harnack inequality 

The aim of this section is to prove Theorem 1.1. Our proof relies on the well-known idea of 
Bombieri and Giusti. The following abstract lemma extends the idea of [5] to the parabolic 
case. It was first proved in [20, pp. 731-733]. The version below can be found in [21, Section 
2.2.3]. 

Lemma 5.1. Let (U(r))o< r <i be a nondecreasing family of domains U(r) C R and let m,co 
be positive constants, G [1/2, 1], rj G (0, 1) and < po < oo. Furthermore assume that w is a 
positive, measurable function defined on *7(1) which satisfies 

i/po / en \1/p-Vpo , r N i/ p 

m - j "-(w^hm) (/„„"') <oc - (5 ' 1) 

for all r, R G [9, 1], r < R and for all p G (0, 1 A rjpo). 
Additionally suppose that 

Vs>0: |*7(l)n{logw>s}| <~|*7(1)|. (5.2) 

s 

Then there is a constant C = C(9,rj,m,CQ,po) such that 

w poV /po <C\U(l)\ 1/po . (5.3) 

U{6) ' 

Proof of Theorem 1.1. Let u as in the assumption and define u = u + \\f\\ L00 (Q). If / = a.e. 
on Q we set u = u + e and pass to the limit e \ in the end. 

Furthermore, set w = e~ a u^ 1 and w = w = e a u, where a = aiu) is chosen according to 
Proposition 4.2, i.e. there is c\ > such that for every s > 

|Q e (l)n{logu;> S }|<^^, and \Q e (l) n {logw > s}\ < ^J^l. (5.4) 
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The strategy of the proof is to apply Lemma 5.1 twice: on the one hand to w and a family 
of domains U = (U(r))e< r <i - and on the other hand to w and a family of domains U = 
([/(r))^ <r We consider the case a > 1 first and define the families IA and IA by 

C/(l) = Q e (l), = \, U(r) = (l-r a ,l)xB r , 

U(l) = Q e (l), 9= l - u(r) = (-l,-l + r a )xB r 

By virtue of (5.4) we see that condition (5.2) is satisfied for both w and w. 

t 




B 2 x{-l,l) 



We apply Theorem 3.5 to (w,lA) with pq = oo and arbitrary r/. We also apply Theorem 3.7 
to (w,lA) with pq = 1 and rj = -^-^ < k^ 1 . In both cases the corresponding condition (5.1) is 

satisfied. Note that the domains U(r) and U(r) are obtained from Qq{t) and Q©(r), respec- 
tively, by shiftings in time, i.e. transformations of the type (t,x) t— > (t + t,x), which do not 
affect neither (3.16) nor (3.23). 

All in all, application of Lemma 5.1 yields 



sup w 
U(0) 



e sup-u 

U{6) 



'<C 



and 



\w\ 



Multiplying these two inequalities eliminates a and yields 



P a |irr|| <- n 

e ll"llLi((7(6»)) - Ly - 



u 



LHU(e)) 



< Co inf u 

U(B) 



for a constant C2 = C C that depends only on d, ao and A. This proves (HI) in the case a > 1 
observing that U® = 11(9), U e = U(9) and 



\^\ LHUe) ±\\n\\ LHUe) <c 2 [mfu + 



L°°(Q) 



If a < 1, we define the domains U and IA slightly differently, namely 

U(1) = Q @ (1), e=(\) a , U(r) = (l-r,l)xB rl/a , 

U(l) = Q e (l), 0=(\) a , ^(r) = (-l,-l + r)xS p i /a . 

The same reasoning as above applies to these domains and hence (HI) is proved for all a G 
(«o,2). ' □ 
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The following corollary will be used to derive Holder continuity in the next section. 

Corollary 5.2. Let a G (0, 1) and D e = (-2, -2 + (±) a ) x B 1/2 , As = (- (|)° , 0) x B 1/2 . 
There exist £q,5 G (0, 1) such that for every function w satisfying 

w>0 a.e. in (-2,0) x R d , 

d t w — Lw > —eo in (—2, 0) x B 2 , 

[\D e n{w>l}\>a\D e \, 

the following estimate holds: 

w > 5 a.e. in Dq. (5-5) 

The constants Eq and 5 depend on a,ao,A,d but not on a £ (ctQ,2). 

Proof. Application of Theorem 1.1 to w yields 



a < -f w(t, x) dx dt < c I inf w + Sq ) 

JD B \ D (B J 



for a constant c = c(d, ao,A). Choosing eo < f an d 5 = a e C£ ° we obtain 

inf w > 5, 

which is the desired inequality. □ 



6. Proof of Holder regularity estimates 

In this section we deduce Theorem 1.2 from Theorem 1.1. This step is not trivial and differs from 
the proof in the case of a local differential operator because the (super-)solutions in Theorem 1.1 
are assumed to be nonnegative in the whole spatial domain. Note that the auxiliary functions 
of the type M(£, x) = supq u — u(t, x) and m(t, x) = u — infQ u used in [19, Section 2] are 
nonnegative in Q but not in all of R . The key idea to overcome this problem is to derive 
Lemma 6.1 from the Harnack inequality. Lemma 6.1 then implies Theorem 1.2. This step is 
carried out in [22] for elliptic equations. 

Define for (t, x) G M. d+1 a distance function 

(oo if ti (-2,0]. 

Note that p((x,t)) / p(-(x,t)). We define 

D r ((x ,t )) = {(t,x)eR d+1 \p{(t,x)-(t ,x ))<r}, Ii = (-2,0) 
and note 

D r ((x ,to)) = (t -2r a ,to)xB 3r (x ) and \J D r ((0,0)) = h x R d . 

r>0 

To simplify notation we write D(r) = D r ((0,0)). Additionally, we define D{r) = (— 2r Q ,0) X 
£?2r(0) and recall the definitions of D§ and Dq in Corollary 5.2. 
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^(1/6) 




Lemma 6.1. Assume that L is defined by (1.2) with a kernel k belonging to some IC'(ao,A). 
Then there exist /3q G (0, 1) and 5 G (0, 1) depending on d, «o and A such that for every function 
w with the properties 



w > a.e. in D(l), 

dfW — Lw > in D(l), 

\D e n{w>l}\>^\D e \, 



w> 2 
the following inequality holds: 



i-(Qp(t,y)) 



00 



a.e. inh x (R d \B 3 ), 



(6.1a) 
(6.1b) 

(6.1c) 

(6.1d) 



w > 5 a.e. in Dn 



Proof. The conditions (6.1a) and (6.1b) imply dtw + — Lw + > — / in D(l), where 

f(t,x) = (Lw~)(t,x) for (t,x) G D(l). 
Note that since \x — y\ > 1 for x G B2 and y G M rf \ B% 

II/IIl°°(d(i)) = sup / w~(t,y)kt(x,y)dy < 00 . 

(t,i)£fl(l) JR d \B 3 (0) 
Next, from condition (6. Id) we deduce 

w-(t,y) < 2 [6 p(t,y)f° - 2 < 2 (4* \yf° - l) 



a.e. m 



hx(R d \B 3 ). 



Our aim is to show H/llioomn")') — £ ° w ith £ as m Corollary 5.2 for a = «■ Note that for every 
i? > 3 



K d \B 3 (0) 



(4*|y| /3o -l)A :t (x,y)dy 



+ 



(4^\yf°-l^kt{x,y)dy. 



<B R \B 3 (0) 

Because of (K3) it is possible to choose R sufficiently large and (3q G (0, 1) sufficiently small in 
dependence of £0 and A such that H/H^oomm) < £o- 

Condition (6.1c) ensures that Corollary 5.2 can be applied. □ 
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Theorem 6.2 (Oscillation decay). Assume that L is defined by (1.2) with a kernel k belonging 
to some /C'(ao,A). Then there exists j3 G (0,1) depending on d,ao and A such that every 
solution u to dfU — Lu = in D{1) satisfies for all v EZ 

-v/3 



^osc u < 2||u|| L oo(7 lX Rd)6 up , (6.2) 

D(6-") 



where oscq u = supg u — infg 



u. 



Proof. Set K = Mq — mo where Mo = sup/ lX]K d u, tuq = inf JlX]K d «. Let <5, /3o G (0, 1) be the 
constants from Lemma 6.1. Define 

'---(A. Tit 52 ) - 1 "5<^- < 6 ' 3 > 

We will construct inductively an increasing sequence (m u ) ul =z and a decreasing sequence 
(M V ) U £% such that for every !/£Z 

m,, < u < M u a.e. in D(6~^), 

( 6 - 4 ) 

Obviously, (6.4) implies (6.2). For n G N set M_ n = Mo, m-_ ra = tjiq. Assume we have 
constructed M n and m n for n < k — 1 and define 

2 • 6^-!) 



v(t,x) 



x \ M fe _i + m fc _ 



K 



where /3 G (0, 1) is the exponent in (6. Id) of Lemma 6.1. Clearly, v satisfies 

dfV — Lv = in D(\) and \v\ < 1 in -D(l) (by induction hypothesis). (6.5) 

On I\ x (R d \ B3) we can estimate v in the following way: For (t, y) G I\ X (M d \ .B3) fix j 6 N 
such that 

6 j_1 < p{t, y) < 6 j , or equivalently (t, y) G D(6 j ) \ 5(6 i_1 ). 



Then 



A' ,. , ( ( t y \ Mfe_i + m fc _i 



2 .g(fc-l)/3 ^'^ ^ ^ 6 a(fe-i) ' 6*-i y 2 

M fc _i + m fc _i 



< M k -j-i - mk-j-i + rrik-j-i 



< M fe _ 7 -_i - m fc _,_ 



2 
M fc _i -mk-i 



~ V 2 

=> v(i, y) < 2 • 6 i/3 - 1 for a.e. (*, y) G 5(6 J ) \ Z)(6 i_1 ) 
=*► v(t, y) < 2 [6 p(t, y/ - 1 for a.e. (t, y) G Ji X (M d \ S3). (6.6) 

Analogously, we can estimate t> from below by 

v(t, y) > 1 - 2 [6 p(t, y)]' 3 for a.e. (t, y) G /1 x (M d \ B 3 ). (6.7) 

Now there are two cases. In the first case v is non-positive in at least half of the set Dq, i.e. 

\D e n {v < 0}| > - |£) e | • (6.8) 
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Set w = 1 — v . w satisfies conditions (6.1a)-(6.1d) of Lemma 6.1 and hence 

w > 5 a.e. in D®, or equivalently v < 1 — 5 a.e. in Dq. 

Noting that D(l/6) C -D© this estimate has the following consequence for u: For a.e. (t, x) G 
D(6~ ) we have 

. X(l-<5) , . Mfc.j-mfc-i 
" 2 • 6(*-D/» + mfc " 1 + 2 

< ^4 + m*-i + — ^ = m fc _! + f 1 - S -) Kir*-™ 

~2-6( fc - 1 )' 3 2-6( fc " 1 )/ 3 V 2/ 



< m fc _! + KQ 



-kri 



where we apply (6.3) in the last inequality. By choosing m^ = m^-i and M& = rrik-i + K6~ k @ 
we obtain sequences (m n ) and (M n ) satisfying (6.4). In the second case v is positive in at least 
half of the set Dq and hence w = 1 + v satisfies all conditions of Lemma 6.1. Therefore, we 
obtain 

w > 5 a.e. in D®, or equivalently v > —1 + 5 a.e. in D®. 

Adopting the computations above we see that M/% = M^-\ and m& = M^-i — KQ~ " lead to 
the desired result. 

This proves (6.4). □ 

Having established Theorem 6.2 we are now able to prove Theorem 1.2 providing a priori 
estimates of Holder norms of solutions. 

Proof of Theorem 1.2. Let u as in Theorem 1.2, Q' (s Q and define 

r}(Q', Q)=V = sup {r G (0, §] I V(t, a?) G Q 1 : D r (t, x) C Q } . 
Fix (£, x), (s, y) G Q'. Without loss of generality t < s. At first, assume that 

p((t,x)-(s,y))<r ? (6.9) 

and choose n G No such that 

11 <p((t,x)-(s,y))< V 



Qn+l — ru ' > v ' y " gn" 

Now set u(t, x) = u{r] a t + s,rjx + y). By assumption u is a solution of dtu — Lu = in D(l). 
Accordingly, applying Theorem 6.2 to u we obtain 

\u(t,x) - u{s,y)\ = \u{ V - a (t - s),7 ] - 1 (x - y)) -u(0,0)\ 
. ( 'p((£,*)-( S ,y))^' 

< 12 |p||x,oo(/ X ]| 



V 

\x-y\ + (s-t) 1 / a 



V 



LOCAL REGULARITY FOR PARABOLIC NONLOCAL OPERATORS 27 



Hence, for all (t,x), (y,s) £ Q' subject to (6.9) 



u(t,x) - u(s,y)\ 12 \\ u \\l°°(IxI 



If p((t,x) — (s,y)) > r\ then the Holder estimate follows directly: 



i 11+ iV<* 

max [\x — y\ ,\t — s\ ' 



\u{t,x)-u{s,y)\ < 2 ||7i|| Loo(/xRd) < -g 

- ^ [\x-y\ + \t-s\ 

Hence, 

|u(t, x) -it(s,y)| I 2 H u llL°°(/xR d ) 
sup 7T < 3^ -. 

(t,*),(^)eQ' / , |,_„| . |*_-|V«r ^ 



\x — y\ + \t — s\ 
which had to be shown. □ 

Appendix A. Steklov averages 

The aim of this appendix is to justify the use of (2.4') instead of (2.4) in our main technical 
results, Proposition 3.4, Proposition 3.6 and Proposition 4.2. Thus, we can work with superso- 
lutions u as if they were a.e. differentiable with respect to t. This approach is standard when 
proving regularity results for solutions to parabolic problems, cf. [1, Sec. 9]. Nevertheless, 
we provide details and show that the nonlocality (in space) of our parabolic operator does not 
form a serious obstacle. 

In the above mentioned proofs we multiply (2.4') with some piecewise differentiable function 
X' R — ► [0,oo) and integrate over some time interval (£1,^2) C /■ This implies, together with 
the chain rule and partial integration, 

+ / ' x (t)£t(u,<t>)dt 
> f\(t) f f(t,x)(f>(x)dxdt + [ 2 x'(t) I i>(x)w(t,x)dxdt, (A.l) 

Jti JQ' Jt\ JO! 

where 

w(t,x) = \l-« \' > y ^ ' (A.2) 

I \ogu(t, x) it q = 1. 

Inequality (A.l) is the main source for our estimates. Let us now show how to derive (A.l) 
from (2.4). To this end, we introduce the concept of Steklov averages (cf. [11], [17]): Let 
I = (Ti, T 2 ), Q = IxQ. For v G L?-(Q) and < h< T 2 - T x define 

-t+h 



x(t) I ip(x)w(t,x)dx 
fi' . 



Vh(',t) 



{1 f t+h 
- / v(-, s) ds for T 1 <t<T 2 -h, 
0, for t>T 2 -h. 



x(t) I ip(x)w(t,x)dx 
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Fix t 6 I, (]' g (] and h > such that t + h E /. In (2.4) we choose (j)(s,x) = r){x) with 
77 £ Hq (f^')j ti = t an d t 2 = t + h. Dividing by h we obtain 

d t u h (t,x)r)(x)dx + - / £ s (u(s,-),r](-)) ds > f h (t,x)rj(x)dx , (A. 3) 

0' " Jt JO' 

valid for all t € I and 77 E Hq /2 (Q'). 

Next we choose in (A. 3) (for fixed t £ I) test functions of the form rj = xi^^uZ 9 ^, •), q > 0, 
where "0, % are suitable cut-off functions. Then we integrate (A. 3) over some time interval 
(t\,t2)- Hence, with w as in (A. 2), 

*2 r rt2 1 rt+h 

X (t) i>(x)d t w h (t,x)dxdt+ X(t)r £ 3 {u(s,-),i;(-)u^ q (t,-))dsdt 

> [ X(t) [ f h (t,x)ij{x)u- q (t,x)dxdt. 
Jti JCl' 

After partial integration in the first term we pass to the limit h — > 0. Lemma A.l and 

Lemma A. 2 from below then imply 

+ [\(t)£ t (u(t,.),i;(.)u- q (t,-))dt 
t=ti Jti 

rt'z r rt'2 

> / X(t) / f(t,x)u(t,x)ip(x)dxdt+ / x{t)ip(x)w(t,x)dxdt, (A. 4) 

which we wanted to show. 

It remains to prove two auxiliary results. 

Lemma A.l. Let X be a Banach space and let v E L P (I;X) for some p E [l,oo] and I' = 
(ti,t 2 ) C I with t 2 < T 2 . Then 

(1) v h £ C(T; X) for every h £ (0, T 2 - t 2 ). 

(™) \\ v h\\ L v(I'-X) ^ \\ V \\lp(I';X) f° r eVer V h G (°' T 2 ~ h). 

(in) Ifp < 00: \\v h - v|Ilp(Z' ; x) ->■ for h\0. 

(iv) If v £ C(I, L P (Q,)) for some p < 00, then \\vh(t, •) — v(t, -)IIlp(q) * / or every t £ I'. 

The proof of this lemma is quite elementary; some of the assertions above are proved in [17, 
II. §4]. 

Lemma A. 2. Let v be a positive supersolution to dtv — Lv = f in Q = Q x I. Let <fi be an 
admissible test function as in Definition 2.1 that is bounded and satisfies supp [</>(£, •)] C Br d $7 
for some R > and every t £ I. Then for every I' <g I 

i l - J ' £ s (v(s, •), 4>h{t, ■)) ds dt ^±> / £ t (v, <t>) dt. (A.5) 



Proof. Set V(t, x, y) = a(t, x, y) (v(t, x) — v(t, y)) and $(£, x, y) = <p(t, x) — (j)(t, y). Since 
£ s (v(s,-),4> h (t,-))dsdt= // V h (t,x,y)® h (t,x,y)k (x,y)dxdydt , 



I rt+h 



' h., t 



£t(v,</))dt= J II V{t,x,y)®(t,x,y)k t (x,y)dxdydt , 
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the convergence in (A. 5) follows if we show both 



h-s>0+ 



\V h (t, x, y) - V(t, x, y)\ |$(i, x, y)\ k (x, y) dxdy dt > 



h->0+ 



\V h (t, x, y)\ \$ h (t, x, y) - $(t, x, y)\ k (x, y) dxdy dt > 0. 



(A.6a) 
(A.6b) 



First we prove (A. 6a). Define B = Br +£ for some fixed e > 0. A usual decomposition of the 
integral over M. d x M. d yields 

\V h (t,x,y) - V(t,x,y)\ \4>(t,x) - 4>{t,y)\ k (x,y)dxdy dt 



\V h (t,x,y) - V(t,x,y)\ \(f>(t,x) - <f>(t,y)\ k (x,y) dxdydt 

BB 

+ 2 [ [ \<f>(t,x)\ [ \V h (t,x,y)-V(t,x,y)\k (x,y)dydxdt 
J p Jb Jb c 

--:h(h) + I 2 (h). 



Holder's inequality applied to Ii(h) shows that Ii(h) —> 0: 



\\(v h -v)$ h k \\ LHI 



'xBxB) 



< 



< 



(V h -V)k i 
(V h -V)k^ 



L 2 (I';L 2 (BxB)) 



$k 2 



L 2 (I';L 2 (BxB)) 



L*(I>;L*(BxB)) ^Um>;H«/HB)) , 

where we have used (K2) in the second inequality. Lemma A.l(iii) implies that the first factor 
tends to zero since - again due to property (K2) - 

v € L 2 (l';H a / 2 (B)) => V fc| € L 2 (I';L 2 (B x B)). 
In a similar way we obtain the convergence of 12(h): 

\<j)(t,x)\ I \V h (t,x,y)-V(t,x,y)\k (x,y)dydxdt 

■' \\o\',,:,. ,... / IT;. (/.-.-)- !"(/. ■.• il , .. . :: ,rf. ;]K d) // ko(x,y)dydxdt 



L.P°(I'xB) J Wh(t,',') V \t, ■, •)ll£°°(K x : 



BrBc 

<Ae a \B R \ \\</>\\L°°(i>xB)\\Vh-V\\ L i( I . Loa ( R d xR dfi, 

where we have applied (Ki) in the second inequality. The convergence of the last factor follows 
again from Lemma A.l(iii). 

Next, we prove (A. 6b): Again, we use the decomposition 

\V h (t,x,y)\ \$ h (t,x,y) - ®(t,x,y)\ k (x , y) dx dy dt 



\Vh(t,x,y)\ \$ h (t,x,y) -$(t,x,y)\ k (x,y) dxdydt 

BB 

+ 2/ / \<f> h {t,x) -4>(t,x)\ / \V h (t,x,y)\k {x,y)dydxdt 
J i' Jb J b c 

--■ Jx(h) + J 2 (h). 
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The convergence J\{h) — > follows by the same argument as we used for the convergence 

of I\{h). It remains to show that J2(h) > 0: 

iMh) < J ^IMtr) ~ Ht,-)\\ L °° {BR ) if \V h {t,x,y)\k Q {x,y)&xdy&t 

Br B c 
<2e a \B R \ \\Vh\\ £»(//. £oo (fljd)) \\4>h - 0llLl(/';L°°(IRd)) • 

Finally, we apply Lemma A.l(ii),(iii) to conclude that J2(h) converges to zero. This finishes 
the proof. □ 
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